InSAR deformation estimates form a 'free network' referred to an arbitrary datum, e.g. by assuming a reference point in the image to be stable. Consequently, the estimates of any measurement point in the image are dependent of these postulations on reference point stability, and the estimates cannot be compared with datasets of other types of measurement (e.g. historical levelling data or sea-level changes). Yet, some applications require 'absolute' InSAR estimates, i.e. expressed in a well-defined terrestrial reference frame (TRF). We achieve this using collocated InSAR and GNSS measurements, achieved by rigidly attaching phase-stable millimetre-precision compact active transponders to permanent GNSS antennas. The InSAR deformation estimates at these transponders are then estimated in a TRF using the GNSS measurements. Consequently, deformation estimates at all other scatterers are now also defined in the same TRF.
INTRODUCTION
Interferometric Synthetic Aperture Radar (InSAR) yields double-difference scatterer displacement estimates (in space and in time). These estimates are inherently relative: to a reference epoch ('master' time), and to a reference point within the image. The value assigned to the reference point can be arbitrary; often, zero displacement or velocity is assumed.Consequently, the interpretation of results is subject to this assumption, which may not be true in reality. Motion affecting the entire area of interest will not be detected at all, while local motion affecting only the reference point would manifest itself in all the other deformation estimates.
Here we propose a method for precise datum connection, to convert the deformation results of InSAR surveys or analyses from a local reference frame to a standard TRF, with the associated noise variance-covariance matrices. In this method, the value for the InSAR reference point displacement is obtained via GNSS-augmented transponder observations.
MATHEMATICAL FRAMEWORK
The InSAR-derived double-difference deformation at location p 1 (x 1 , y 1 ) and (slave) time t 1 , with respect to reference location p 0 (x 0 , y 0 ) and reference (master) time t 0 , is given by
where h denotes the height in any arbitrary datum. h(p 0 , t 1 ) can be rewritten as
where v(p 0 ) is the velocity of the reference point, assuming linear displacement between master and slave acquisitions.
The quantity of our interest is
, which is the 'absolute' deformation of point p between epochs t 1 and t 0 . Using Eq. (2) in Eq. (1) and rearranging, we get
The 'absolute' deformation can therefore be estimated by knowing the double difference value p t h which is obtained from InSAR, as well as the velocity of the reference point v(p 0 ). The term v(p 0 ) is often 'known' (e.g. by assuming the local stability of well-founded buildings), and is deterministic with zero standard deviation. Such an approach is subjective, and quality assessment or control is difficult. Instead, v(p 0 ) can be estimated by connecting the InSAR reference point to additional (collocated) geodetic measurements, e.g. a GNSS antenna. The reference point displacement and height (in a standard TRF) are then stochastic, and the associated errors can be propagated. All the other InSAR-derived displacements can subsequently be defined in the same TRF.
S-transformations
InSAR phase observations and derived displacement estimates are stochastic and are frequently assumed to be normally distributed [1, 2] . The precision of these estimates can be described completely by their variance-covariance matrix (VCM). Considering the persistent scatterer (PS) approach [3, 4, 5, 6, 7] , PS that are closer to the reference point have smaller variances than those farther away (owing to e.g. spatially-correlated atmospheric errors), making the VCM of PS displacements depend on the choice of the reference point.
The theory of similarity-or S-transformations [8, 9, 10, 11] can be used to transform deformation estimates from one datum to another, and to give the relation between VCMs arising from the choice of different reference points. If y 1 is the m-vector of displacements defined in a reference system or datum D 1 , and y 2 the vector of the same observations but defined in another datum D 2 , the transformation from y 1 to y 2 can be represented by a linear transformation S as
and the associated quality of observations, denoted by the VCMs Q y1 and Q y2 respectively, can be propagated as
The generic form of S, called the the S-transformation matrix, is given by [8, 9, 10 , 11]
with I being an m × m identity matrix. D i is a matrix that defines the datum in each case i, i.e.
for the two datums respectively. For the one-dimensional deformation monitoring case of InSAR (only in vertical or LoS direction), D i is a binary vector with the value of unity at the location(s) of the reference point(s). As an example, if the displacement at the kth location is assigned as the transformed reference point, then
T , with the value of unity at the kth position. The vector H is derived from the inner constraint of the measurement network, according to which the average displacement is set to zero [8, 9, 10] ; such a constraint is necessary to set the datum of a free network. In other words, H is the most generic case of D i where the average of all displacements is taken as reference, i.e.
T .
DATUM CONNECTION FOR INSAR
In order to connect InSAR to the GNSS datum, it is required that the InSAR reference point and the corresponding GNSS benchmark reflect the same deformation signal. Therefore, it is important to know the location of the effective scattering phase centre of the PS reference, and ensure that there is no relative deformation between this phase centre and the GNSS antenna. In the proposed approach, we deliberately collocate a PS with a GNSS antenna, to eliminate any assumptions on the requirement of both techniques measuring identical signals at the reference point. 
PS-GNSS collocation
A stable radar scatterer (i.e. a PS) such as a compact active transponder (CAT) [12, 13, 14] is physically connected to a GNSS antenna, ensuring that they experience the same deformation. Transponders are small, compact devices, currently usable with C-band radar satellites (e.g. Radarsat-2, Sentinel-1). They can be configured for both ascending and descending passes of multiple satellites using the same rigid installation setup. Their small size, low mass and convenient shape makes it easy to mechanically attach them to GNSS antenna installations. They are less sensitive to environmental effects (e.g. wind, rain, snow), and therefore require lower maintenance effort than corner reflectors, and are less likely to introduce multipath effects to the GNSS measurements.
The phase stability of transponders has been shown in [12, 14] to be comparable to that of corner reflectors. Using the same methodology, we compared transponder-InSAR doubledifferences with optical levelling using Radarsat-2 data from the period Aug 2013-Jul 2014, at a test site in Wassenaar, the Netherlands. This is shown in Fig. 1 after conversion to the vertical direction The double-difference transponder precision was found to range between 0.6-1.4 mm.
There are several advantages of transponder-GNSS collocation. Firstly, and most importantly, the location of the phase centre of the transponder is known [13] to be within the transponder box.The sturdy connection between the transponder and the GNSS antenna ensures that they both experience the same deformation; no assumptions are required. Additionally, this approach can perform datum connection between InSAR survey results stemming from different satellites and looking directions, simply by programming the transponder accordingly.
'Absolute' InSAR deformation estimates
Consider a simulated scenario of cumulative vertical deformation with respect to the InSAR master time epoch, as shown in the PS map of Fig. 2a . The reference PS is marked with a circle. This map also contains a GNSS antenna, whose position is marked with a cross. The associated spatial VCM of deformation estimates is shown in Fig. 2e , with the PS sorted in the order of increasing distance from the GNSS antenna. The GNSS antenna has a collocated PS (transponder), with double-difference measurement precision taken to be 1 mm (a reasonable estimate, as shown in Sec. 3.1).
We proceed to connect the PS results to the GNSS datum as follows:
1. The PS results y initial with the initial reference point are first transformed to another datum D trans defined by the transponder (Fig. 2b) . Using the notation of Eqs. (5), (6) and (7),
y trans = S trans y initial (9) setting the unity value in D trans at the location corresponding to the transponder. The quality of deformation estimates is propagated to the VCM shown in Fig. 2f by
2. The transformed PS results y trans are then connected to a standard TRF, by adding the GNSS measurement to all the PS and propagating the errors of both techniques, i.e. y TRF = y trans + Hy GNSS (11) where y GNSS is the GNSS measurement which can be linked to a standard TRF. In this example, y GNSS is assumed to be a subsidence value of 13.5 mm with respect to the GNSS measurement acquired at the InSAR master time epoch. Linear least-squares error propagation yields
where Q yGNSS contains the variance of the GNSS measurement, taken to be 16 mm 2 in this example. Figs. 2c and 2g show the PS map connected to the GNSS datum and the associated quality, respectively. This PS map shows the 'absolute' deformation of every point, including the reference point.
It can be shown analytically that the double-difference information content in all the datums (Figs. 2e-g ) is identical, irrespective of the GNSS measurements and their quality. Let y initial andŷ initial denote respectively the original doubledifference InSAR survey results with respect to the initial reference point, and the results transformed back to the initial reference point after GNSS datum connection. To show that y initial = y initial , we make use of the following properties of S-transformations for any two datums D 1 and D 2 [9]:
1. S 1 y 1 = y 1 : measurements transformed to their own datum remain the same. 2. S 1 S 1 = S 1 : transforming to the same datum twice is equivalent to doing so only once. 3. S 1 S 2 = S 1 : transforming to a datum via another datum is equivalent to directly transforming to the final datum.
Using Eq. (4) and the equations in Sec. 3, the back-transformed set of measurements are given bŷ
From properties (1) and (3), S initial S trans y initial = y initial . By expanding S initial using Eq. (6), which also implies that
This is visualized in Figs. 2d and 2h , where transforming y TRF back to the initial reference system gives results identical to Figs. 2a and 2e. In other words, double-difference information is preserved during datum transformation and connection, irrespective of the transponder and GNSS measurements and quality. The added value of the proposed methodology is that these spatially-relative displacements can be converted into 'absolute' height changes with respect to a TRF. The VCM of these 'absolute' heights then also includes the quality of GNSS measurements.
The simplified scenario described in this section can be extended to time-series deformation incorporating temporal variance-covariance information, as well as to multi-track and multi-GNSS cases. In the following section, we study the case of IJmuiden in the Netherlands, where a transponder was attached to a GPS station in the period 2012-2014. We also explore similar setups at two other sites, Eijsden and Vlissingen, and finally determine a set of feasible GPS stations across the country, that can be used with InSAR for datum connection.
SUMMARY AND RECOMMENDATIONS
We have proposed an approach of using permanent GNSS stations to convert the local datum of InSAR survey results to a standard geodetic one, involving measurement collocation between the InSAR reference point (a compact active transponder) and the GNSS antenna. The sturdy physical connection eliminates the need for any assumptions on the relative motion between the phase centre of the InSAR reference point and the GNSS measurement.
